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Abstract

“It can scarcely be denied that the supreme goal of all theory is to make the irreducible
basic elements as simple and as few as possible without having to surrender the adequate
representation of a single datum of experience.” —Albert Einstein [1].

I formulate happiness as a protected decision objective: maximize the worst expected stan-
dardized wellbeing surplus, then aggregate utility, within declared individual and resource con-
straints. I combine normalized observation updates with a finite safety algorithm that chooses
one action for all states consistent with the available information. I prove conditional floor
protection, bound sensitivity to model error, and state when a change of representation pre-
serves outcomes and risk. Exact examples distinguish protection, repair and infeasibility; they
also expose policies that improve an aggregate while worsening an individual’s risk. I examine
2,116 World Happiness Report records to test the measurement step: national margins can be
computed, but an outcome-containing residual cannot validate a forecast, and a national mean
cannot identify individual protection. My contribution is this specified composition of estab-
lished methods, its conditional proofs and its explicit failure tests. Application requires justified
individual measures, a causal action model and prospective evaluation; the aggregate data do
not establish an intervention benefit.

1 From a reference point to a protected baseline
I begin with a stated outcome and a baseline. My aim is to include the last person in line in the
definition of success: an improvement in the average should not silently expose an individual to
greater risk. This requires three separate decisions: what I measure, which actions preserve the
declared protection, and how I rank admissible policies. A boundary is useful when it protects
a justified floor; it is restrictive when it removes a feasible improvement without serving that
protection.

I use happiness as the purpose of this decision rule. The title expresses that priority. Measure-
ment, a causal model of actions, feasible resources and participation determine what the rule can
accomplish. I do not infer them from the name of the objective.

I combine a finite probabilistic update, a two-stage robust welfare criterion and an observation-
aware protection algorithm. The components draw on quantum instruments and completely positive
maps [2, 3], partially observed control [4, 5], feedback [6] and multiple-prior decisions [7, 8]. My
contribution is their explicit composition and its tests; the underlying methods remain credited to
their published foundations.

∗Codex was used for research, analysis code, mathematical checks, drafting and editing.
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The argument proceeds from objective to protection, then to information loss and bounded
model error. Exact examples test both successful decisions and failures of plausible alternatives.
The World Happiness Report then supplies an observed aggregate measure with which to exam-
ine the measurement step. The final sections identify the individual and causal information still
required for application.

I distinguish proof under stated assumptions, calculation under stipulated dynamics, and de-
scription of observed data. Each supports a different claim. No participant received an intervention
selected by this criterion. Figures retain parameters, units and labels so that the role of each quan-
tity is visible without relying on color.

Observe
on, units

uncertainty

Infer
Ωn

retained models Pn

Constrain
bi, si

admissible policies

Rank
ηn, Jn

individual risk

Act
an = πn(Hn)

Predict
qn(o), Ω̃o

n+1

Figure 1: My proposed decision loop, using the state and instrument in Eqs. (1)–(3), objectives
in Eqs. (4)–(6), and risk constraint (7). The baselines bi, positive comparison scales si, outcome
definitions and admissible actions are declared inputs. Spectral colors distinguish mathematical
roles. I rank admissible policies before acting. The instrument then predicts observation branches;
the next observed record selects the conditional update and begins the next cycle. The diagram
specifies a decision process; its arrows do not represent physical forces.

2 Finite model and decision criterion

2.1 State, observation and causal ordering

Let X, A and O be finite classical state, action and observation sets. Let H be a finite-dimensional
Hilbert space. At decision step n, write the classical–quantum state as

Ωn(x) � 0,
∑
x∈X

Tr Ωn(x) = 1. (1)

For positive pn(x) = Tr Ωn(x), this is Ωn(x) = pn(x)ρn(x). It retains classical–quantum correlations.
It does not identify a human belief with a physical quantum state.

For each old state x and action a, take completely positive maps J a
n,o,x′←x whose sum over

(o, x′) is trace preserving. The unnormalized branch, its probability and its conditional state are

Ω̃o
n+1(x′) =

∑
x

J an
n,o,x′←x[Ωn(x)], (2)

qn(o) =
∑
x′

Tr Ω̃o
n+1(x′), Ωn+1(x′) = Ω̃o

n+1(x′)/qn(o). (3)

The division applies only when qn(o) > 0. The history Hn contains available observations, past
actions, timestamps and delays. Policies are causal: an = πn(Hn). The instrument specifies the
actual ordering of dynamics and measurement. A zero-probability record under every retained
model rejects that model set; it is not repaired by dividing by zero.
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Proposition 1 (Finite-history normalization). Under the preceding assumptions, every positive-
probability branch has a positive, normalized conditional state. Every causal policy induces a nor-
malized probability law on finite observation histories.

Proof. Complete positivity preserves positivity term by term in (2). Summing branch traces gives

∑
o,x′

Tr Ω̃o
n+1(x′) =

∑
x

Tr

∑
o,x′

J an
n,o,x′←x[Ωn(x)]

 =
∑

x

Tr Ωn(x) = 1.

Normalizing a positive-probability branch preserves positivity and gives unit total trace. Induction,
conditioning each action on its available history, proves the history statement.

For dim H = 1, taking J a
o,x′←x(r) = Ta(x′ | x)M(o | x′)r recovers classical transition followed by

Bayesian observation. Thus the construction includes classical controlled stochastic models. The
protection algorithm and allocation examples below use this classical specialization. The more
general instrument notation supplies no empirical claim of a quantum advantage.

2.2 Baseline priority and individual protection

Fix a decision history, a finite population i = 1, . . . , N with N ≥ 1, and a finite horizon K ≥ 1.
For person i and future step k = 1, . . . , K, let hi,n+k be an independently defined outcome, bi,n+k

its justified baseline and si > 0 a comparison scale with the same units as hi − bi. They are inputs,
not inferred universal constants. A nonempty set Pn contains retained causal models conditioned
on that same history. Models assigning the discrete history zero probability are omitted explicitly.
Outcomes and utilities are assumed uniformly bounded over retained models and admissible policies.

Define

ηn(π) = min
i,k

inf
P∈Pn

Eπ
P

[
hi,n+k − bi,n+k

si

∣∣∣∣ Hn

]
, (4)

Jn(π) = inf
P∈Pn

Eπ
P

[
K∑

k=1
γk

∑
i

wiui(hi,n+k)
∣∣∣∣∣ Hn

]
, (5)

π∗n ∈ lexargmaxπ∈Πadm(ηn(π), Jn(π)). (6)

Weights wi, γk are nonnegative; utilities ui are declared nondecreasing functions. Equation (6)
first maximizes the worst expected standardized surplus, then maximizes aggregate utility among
first-stage maximizers. This is a two-stage lexicographic criterion, not full leximin ordering of all
individuals. Changing levels to logarithms changes the objective and is not a neutral numerical
transformation.

Admissibility must encode resources, physical restrictions, participation, consent and any re-
quired risk protection. In particular, for Ai = {∃k : hi,n+k < bi,n+k}, a specified protection rule
may require

sup
P∈Pn

[Pπ
P (Ai | Hn) − Pπ0

P (Ai | Hn)] ≤ 0 for every i. (7)

The reference policy π0 is a future continuation from the same conditioned history with the same
evaluation model, horizon and stated resource comparison. Equation (7) requires risk not to in-
crease relative to the reference; it does not require that risk to be zero. A joint chance constraint
supP Pπ

P (
⋃

i Ai | Hn) ≤ α, with 0 ≤ α ≤ 1, is another possible restriction. Neither follows from
improved expected welfare. A guarantee based on an omitted person or a mismeasured need does
not protect that person.
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If agents can deviate, a feasible centralized allocation also needs participation and incentive con-
ditions under the specified information structure. Maximizing (6) alone does not prove equilibrium
cooperation. Historical reciprocity models provide conditional mechanisms, rather than universal
cooperation guarantees [10].

Proposition 2 (Existence and representation limits). For a finite nonempty admissible class of
deterministic history policies and finite robust objective values, (6) has a solution. An injective
recoding of histories, with its inverse retained and all policies and models transported consistently,
preserves the attainable objective and risk values. A positive affine change h′i = aihi + ci, b′i =
aibi + ci, s′i = aisi preserves η.

Proof. A real-valued function on a finite nonempty set attains its maximum. Restrict to the maxi-
mizers of η and maximize J there. Under injective recoding, decoding gives a bijection of original
and recoded policies with identical history probabilities and outcomes. Finally (h′i − b′i)/s′i =
(hi − bi)/si for ai > 0. Preserving J as well requires the utilities to be transported consistently.

An empty feasible set must be reported. Existence does not imply efficient optimization or
exclude better randomized policies. Enlarging the conditional model set at fixed history cannot
improve any fixed policy’s worst-case surplus. Repeated reoptimization is not automatically dynam-
ically consistent: general robust Bellman claims require additional conditions such as appropriate
rectangularity [8]. The finite search below makes no unrestricted robust Bellman claim.

3 Protection with incomplete observations

3.1 An executable protection rule under incomplete observation

My objective is to improve the worst expected standardized surplus while retaining each person’s
declared floor. I therefore calculate which actions preserve protection, then rank policies restricted
to those actions by (η, J). Observation, perturbation and resource restrictions enter this calculation
explicitly. The construction below is a finite classical specialization of the preceding update; it is
not a discretization theorem for a continuous quantum state.

Let X, A, O be finite, with X 6= ∅. Let A(x) ⊆ A be the physically and socially admissible
actions at state x. For a ∈ A(x), let R(x, a) ⊆ X be a nonempty set of possible next states. An
adversary may choose any permitted successor at each step, after my action. A deterministic sensor
returns g(x) ∈ O. A noisy sensor with specified finite-state transition support can be included by
augmenting the state with its realized output and defining the joint transition support explicitly.
The current information set B 6= ∅ contains every state compatible with the available history and
model support. Any observation available before the first action has already been incorporated into
B; the next sensor output arrives after the transition. I use a fixed safety set, with all outcome
and floor variables included in the state when needed. I may choose only an action in

A(B) =
⋂

x∈B

A(x).

After action a and next observation o, the information update is

Φ(B, a, o) = {x′ ∈ X : g(x′) = o, ∃x ∈ B with x′ ∈ R(x, a)}. (8)

An observation with an empty update is impossible under this support model and is omitted from
the recursion. Let C ⊆ X encode the declared physical, resource and participation restrictions, and
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define S = {x ∈ C : hi(x) ≥ bi ∀i}. On the finite collection of nonempty subsets of X, put

V0 = {B : ∅ 6= B ⊆ S}.

Vj+1 = {B ∈ V0 : ∃a ∈ A(B), ∀o with Φ(B, a, o) 6= ∅,

Φ(B, a, o) ∈ Vj}.
(9)

This is a finite safety-game construction, grounded in minimax reachability and decision making
with incomplete information [11, 12]. It implements the requirement that one action must protect
all currently indistinguishable possibilities.

Proposition 3 (Protection, information and welfare selection). Under these assumptions, B ∈ Vj

if and only if a deterministic observation-adapted policy keeps the current state and the next j
states in S for every initial state in B and every permitted successor sequence. The descending
recursion stabilizes after at most 2|X| − 1 strict deletions of sets. Its fixed point V∗ consists exactly
of information sets admitting indefinite protection. At each B ∈ V∗, define

A∗(B) = {a ∈ A(B) : Φ(B, a, o) ∈ V∗ for every nonempty update}.

This action set is nonempty. Every policy that always selects from A∗(B) preserves every floor.
Consequently, any nonempty finite class of such policies has a lexicographic maximizer of (η, J) on
a finite evaluation horizon; its individual and joint floor-failure probabilities are zero, and η ≥ 0,
under every probability law supported on the stated transitions and initial information set.

Proof. For j = 0, protection is equivalent to B ⊆ S. Assume the characterization at j. An
observation-adapted policy must first choose the same admissible action for every x ∈ B. For each
possible next observation, the compatible successor states are exactly Φ(B, a, o). The induction
hypothesis gives a protective continuation precisely when each nonempty successor belongs to Vj .
The continuations may depend on the observed o, so their existence is also sufficient. This proves
the recursion and the finite-horizon assertion.

The predecessor operator is monotone. Since V1 ⊆ V0, induction gives Vj+1 ⊆ Vj . There are
at most 2|X| − 1 nonempty information sets, so a fixed point is reached after at most that many
strict deletion rounds. Each retained set has a witnessing action, and choosing one whenever that
set occurs keeps all future information sets in V∗. Conversely, an indefinitely protective policy
supplies a protective prefix for every finite j, so its initial information set belongs to every Vj and
hence the fixed point. A protected path has nonnegative standardized surplus at every included
time. Supported probability laws therefore give zero failure probability and nonnegative expected
surplus. Finite nonempty policy selection then follows by two successive maximizations, first of η
and then of J .

A finite-horizon policy selected by this rule has a protective continuation: after the evaluated
horizon I may apply a fixed witnessing action at each retained information set. Recomputing
welfare preferences does not remove protection provided every later action remains in A∗. This
safety statement needs no claim of dynamically consistent robust utility optimization. A union
of transition supports from several probability models can admit switching paths absent from any
single model. The resulting support test is exact for its declared adversarial model and can be
conservative for the original family of fixed probability laws.
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Algorithm and cost. I enumerate the nonempty information sets, remove those containing
an unsafe state, and repeatedly delete a set with no common admissible action whose possible
observation updates are all retained. I save the witnessing actions when deletion stops, reject an
initial set outside V∗, and rank candidate protected policies by (η, J). The information state can
have 2|X| − 1 values. Termination is a computability result; it does not promise efficient scaling.
An empty protected set is a reportable result, not a reason to silently lower anyone’s floor.

Why individual state tests are insufficient. Consider safe states L, R and an unsafe absorbing
state ⊥. Action a keeps L safe but sends R to ⊥; action b keeps R safe but sends L to ⊥. Each
exactly observed safe state has a protective action. If L and R are initially indistinguishable,
neither action protects B = {L, R}. A sensor that identifies the initial state makes protection
feasible. This is a mathematically precise role for better observation; an invertible relabeling of the
same observations cannot provide it.

4 Representation, information and changes of scale

4.1 Phase coordinates and observation checks

For a declared phase in radians, the six coordinates (sin θ, cos θ, tan θ, cot θ, sec θ, csc θ) describe
a one-dimensional curve wherever every entry is defined. Reciprocal coordinates introduce sin-
gularities. The bounded pair (sin θ, cos θ) identifies phase modulo 2π; an unwrapped trajectory
additionally requires its winding count. Numerical use of a reciprocal chart requires a domain
bounded away from its zero denominator. For my decision rule, an encoding must retain the dis-
tinctions used by the policy and observation likelihood. Section 6.4 tests this directly with an
invertible encoding of four observations.

Identical marginals likewise do not identify a joint law: two fair bits can be perfectly correlated
or anticorrelated, giving XOR identically zero or one. For the deterministic doubling map x 7→
2x mod 1 with uniform initial phase, binary half-interval observations have probability 2−m for
each length-m word. Exact interval checks cover the 510 words of lengths one through eight.
The symbolic finite-record law equals that of independent fair bits. This illustrates a specific
identifiability limit, not the indistinguishability of every chaotic process and every stochastic model.
Chaos must be established for a specified dynamics [13].

4.2 Information has a declared probability space

For finite classical variables X, O, I use Shannon entropy in nats [14],

H(X) = −
∑

x

p(x) ln p(x), I(X; O) =
∑
x,o

p(x, o) ln p(x, o)
p(x)p(o)

. (10)

Zero-probability summands are zero. These quantities require a specified joint law. They measure
uncertainty in that declared law; rescaling arbitrary scores to sum to one does not recover an
unobserved population distribution.

Proposition 4 (Information preserved and information lost). For a deterministic map Y = c(X)
of finite variables,

I(X; O) = I(Y ; O) + I(X; O | Y ) ≥ I(Y ; O). (11)

A bijective relabeling preserves mutual information. Also EO[H(X | O = o)] ≤ H(X) for the same
joint law.
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Proof. Because Y is determined by X, the chain rule for the finite sums gives I(X, Y ; O) =
I(X; O) = I(Y ; O) + I(X; O | Y ). The conditional term is an average of nonnegative relative
entropies, which are nonnegative by the log-sum inequality. If c is bijective, X is determined by Y
and the conditional term is zero. Finally H(X) − H(X | O) = I(X; O) ≥ 0.

The last inequality is an average over observations, not a promise that each observation reduces
uncertainty. It also does not compare different times of an evolving system without specifying the
dynamics. More information can improve the available decision set; information alone does not set
wellbeing, preferences or feasible resources.

4.3 When a change of scale preserves the decision problem

I connect different descriptions through a specified map, not through matching vocabulary. Let
c : X → Y be a surjective map between finite state spaces. Suppose the controlled transition kernel
Ta(x′ | x) obeys the action-wise block condition∑

x′:c(x′)=y′

Ta(x′ | x) = T a(y′ | c(x)) for all x, y′ and admissible a. (12)

Require the initial aggregate law µ(y) =
∑

x:c(x)=y µ(x). Also require admissible actions, every
person’s outcome and floor, and every scored utility to be functions of c(x), with the same values,
comparison scales, person weights and time weights in both descriptions. These are substantive
assumptions; an average that erases an individual deficit does not meet them. The condition is the
controlled finite version of exact Markov aggregation [15].

Proposition 5 (Exact preservation under declared aggregation). Under these conditions, every
policy adapted to the aggregate history has exactly the same aggregate trajectory law, welfare scores
and individual failure probabilities when run on the fine model or the aggregate model. Hence the
attainable (η, J) and risk values agree for the same class of aggregate-history policies, provided the
two retained families use a common index set and the block and initial-law conditions hold for every
corresponding pair.

Proof. Given any fine state in block y and a fixed action a, Eq. (12) gives the same distribution
of the next block. Conditional averaging over the unobserved fine states therefore leaves that
distribution unchanged. Induction on the aggregate history shows equality of all aggregate path
probabilities under the same policy. Every stated score and failure event factors through that path,
so its distribution, expectation and robust evaluation are equal.

This proves preservation for the stated policy class; it does not claim that arbitrary compression
preserves all fine-state strategies. When the block condition fails, a memoryless aggregate kernel
can give a false trajectory law. A higher-level model must then retain additional state, memory
or a quantified approximation error. These conditions give my cross-scale proposal a falsifiable
mathematical meaning. Each application must supply its own state, dynamics and measured
outcomes.

Compression also requires an information test. For deterministic transitions A → A, B → C,
C → C, merging A and B into one observed class loses predictive state information. Starting half in
A and half in B, a fitted one-step two-class transition predicts class probabilities (1/4, 3/4) at step
two, while the true probabilities are (1/2, 1/2). A reduced memoryless state is not automatically
closed; projection methods explicitly motivate memory terms [16].
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5 Perturbations, coupled feedback and equilibrium

5.1 How much model error can a protection claim tolerate?

An exact support guarantee has a sharp limitation: a previously excluded harmful transition can
invalidate it. For a separate quantitative result in the finite classical specialization, fix the same
causal policy and initial law in a nominal model P̂ and an actual model P . Assume that, at every
common history and action, their joint next-step laws for the full trajectory variables, including
latent state and observation, differ in total variation by at most ϵ ∈ [0, 1]. Here total variation is
‖p − q‖TV = 1

2
∑

z |p(z) − q(z)| on the common finite next-step space. The bound applies at every
full history shared by the two models, including latent states; the causal policy still uses only its
observed history. A bound only on observed marginals is insufficient. Define

dK = 1 − (1 − ϵ)K ≤ min{1, Kϵ}. (13)

Proposition 6 (Finite-horizon model-error budget). For any event E determined by the first K
transitions,

|P π(E) − P̂ π(E)| ≤ dK .

For any path score Z lying in an interval of width W , the expectation discrepancy is at most WdK .
For families, use a common nonempty index set Θ with P = {Pθ : θ ∈ Θ} and P̂ = {P̂θ : θ ∈ Θ}.
Suppose each pair has the same initial law, the stepwise bound holds uniformly in θ, history, action
and policy, and all pairs use the same fixed outcome functions, floors, scales and admissible policy
class. For each person and time, suppose the standardized surplus lies in the same bounded interval
across both model families and all admissible policies, with every such interval having width at most
Wg. Then |η(π)− η̂(π)| ≤ WgdK . Over the same finite admissible policy class, a nominal first-stage
maximizer π̂ satisfies

η(π̂) ≥ max
π

η(π) − 2WgdK .

In particular, a nominal failure probability at most α − dK implies an actual failure probability at
most α, whenever α ≥ dK .

Proof. While the coupled histories agree, the common policy selects the same action. A maximal
coupling of the two finite next-step laws agrees with probability at least 1 − ϵ. Inductively, the
probability that every transition agrees is at least (1− ϵ)K . An event’s indicators can differ only on
the complementary set, proving the probability bound. On that set two versions of a score in an
interval of width W differ by at most W , giving the expectation bound. Uniform expectation errors
are preserved under taking minima and infima. If π∗ maximizes the actual first-stage objective,
then

η(π̂) ≥ η̂(π̂) − WgdK ≥ η̂(π∗) − WgdK ≥ η(π∗) − 2WgdK .

The failure budget follows from the probability inequality.

For example, ϵ = 0.01 over ten steps gives d10 = 0.095617925. A zero-failure nominal model
alone can then support only the stated upper bound of about 9.56% under this error allowance.
These numbers are sensitivity calculations, not an estimated error rate for the happiness data.
The second-stage utility selection can change discontinuously near a tie in η; the bound does not
establish a stable lexicographic ranking or a bound on second-stage utility loss.
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5.2 What I mean by a happy equilibrium

For an autonomous deterministic closure with policy π, an equilibrium is a state x∗ satisfying
Fπ(x∗) = x∗. Calling it baseline-respecting additionally requires hi(x∗) ≥ bi and the physical,
resource and participation constraints for every included person. Existence and stability require
their own assumptions; neither follows from the word “happiness.”

For a time-homogeneous Markov closure, the corresponding object is an invariant law ν =
νKπ, not the elimination of fluctuations. Its individual failure probabilities still need to satisfy
the declared risk constraints. These definitions place equilibrium within the existing model; the
population measurements below do not identify such a controlled equilibrium.

5.3 A protected equilibrium under coupled perturbations

The finite safety algorithm addresses allowed trajectories. A complementary sufficient condition
makes the role of coupling and perturbation size explicit. Let F be a self-map of a nonempty com-
plete product metric space Z, and suppose its component distances satisfy d(Fz, Fz′) ≤ Gd(z, z′) for
a nonnegative matrix G with ρ(G) < 1. The convergent nonnegative series (I − G)−1 =

∑∞
m=0 Gm

gives w = (I − G)−11 > 0. Since Gw = w − 1, the factor q = maxj(Gw)j/wj is less than one. The
weighted metric dw(z, z′) = maxj dj(zj , z′j)/wj therefore makes F a contraction. Banach’s theorem
yields a unique nominal fixed point z∗ [17]. The metric scales and outcome units are declared inputs.
This subsection’s ϵ bounds state-space distance; it is separate from the dimensionless probability
error in Proposition 6.

Proposition 7 (A baseline-preserving perturbation tube). Choose a radius r > 0 such that the
closed ball D = {z : dw(z, z∗) ≤ r} satisfies the declared resource and participation restrictions.
Suppose every allowed perturbed update Fξ : Z → Z obeys dw(Fξz, Fz) ≤ ϵ for all z ∈ D, where
0 ≤ ϵ ≤ (1 − q)r. If each outcome is Li-Lipschitz in dw on D and hi(z∗) − bi ≥ Lir, then every
trajectory starting in D remains in D and satisfies every baseline, for every allowed perturbation
sequence.

Proof. For z ∈ D, the triangle inequality and Fz∗ = z∗ give

dw(Fξz, z∗) ≤ ϵ + q dw(z, z∗) ≤ ϵ + qr ≤ r.

Thus D is invariant. Induction and Lipschitz continuity give hi(zn) ≥ hi(z∗) − Lir ≥ bi at every
step.

This is a sufficient condition, not a necessary one. It requires a verified bound for the connected
system, a nominal fixed point with enough margin, and bounded perturbations. The gain of an
isolated component does not establish these hypotheses for the connected system. The result does
not eliminate fluctuations or claim that an arbitrary chaotic system is contractive.

5.4 Coupling and incentive counterexamples

If every map has the same contraction bound q < 1 in the same metric, distances between trajec-
tories driven by the same sequence of maps are at most q times their preceding values at each step.
The bounded-perturbation assumption of Proposition 7 alone does not impose this stronger condi-
tion or require convergence to a constant equilibrium. Two scalar components with isolated gain
0.5 can form the coupled matrix ( .5 .6

.6 .5 ), whose eigenvalue 1.1 is unstable. Stable subsystem checks
cannot certify the connected loop. Nor does stability imply a truthful model, resource feasibility
or a desirable fixed point.
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I test cooperation rather than assume that transparency ensures it. In a one-shot prisoner’s
dilemma with payoffs (3, 3) for mutual cooperation, (0, 5) or (5, 0) for unilateral defection, and (1, 1)
for mutual defection, defection strictly dominates for each player even when all payoffs are public.
Information and incentive design therefore need separate tests. The welfare criterion is a declared
normative choice, not a theorem that all agents will adopt it.

6 Exact tests of the decision rule

6.1 Protection, repair and infeasibility

For an exactly observed finite state x, let

S = {x ∈ C : hi(x) ≥ bi for every included person i}

where C contains the states satisfying the declared physical and participation restrictions. Suppose I
choose a ∈ A(x) before a disturbance w ∈ W (x, a) and the next state is F (x, a, w). Every admissible
action has a nonempty disturbance set W (x, a). The disturbance may take any permitted value at
each step. I calculate

V0 = S, Vk+1 = {x ∈ S : ∃a ∈ A(x) ∀w ∈ W (x, a), F (x, a, w) ∈ Vk}. (14)

These are standard worst-case reachability and invariance constructions [11, 18]. By induction,
x ∈ Vk exactly when a state-feedback policy can keep the current state and the next k states in
S against every permitted disturbance sequence. The descending sequence stabilizes because the
state space is finite. Its fixed point V∞ is the largest robust controlled-invariant subset of S; a
witnessing action at every retained state preserves S indefinitely in this model. The quantifier
order matters: observing the disturbance before choosing the action defines a different problem.

This is the singleton-information specialization of Proposition 3. I use it here because every
resource buffer is observed exactly.

I stress-test this distinction with two synthetic integer resource buffers xi ∈ {0, 1, 2, 3}, floors
bi = 1, replenishments ui ≥ 0 with u1 + u2 ≤ r, and a loss w ∈ {(1, 0), (0, 1)}. All actions are
integer valued. I use

x+
i = min{3, max{0, xi + ui − wi}}.

The clipping rule is part of this toy resource model: demand exceeding an empty buffer remains
unmet; it does not imply that a human need has been satisfied. Among the nine states meeting
both floors, the invariant sets contain 0, 8 and 9 states for budgets r = 0, 1, 2. At r = 1, the corner
(1, 1) cannot be protected against every next loss, although the eight other safe states can. I verify
the result by enumerating all 39 = 19,683 stationary deterministic policies for that case. If joint
loss (1, 1) is added to the allowed disturbances, the r = 1 invariant set becomes empty. Protection
depends on the uncertainty set as well as the objective.

Repair is a different question from uninterrupted protection. Starting from R0 = V∞, the
recursion

Rj+1 = Rj ∪ {x : ∃a ∈ A(x) ∀w ∈ W (x, a), F (x, a, w) ∈ Rj}

identifies states from which I can guarantee entry into the protected set within j + 1 steps, while
permitting interim deficits. Under the single-loss model, r = 2 gives layer sizes 9, 13, 15, 16: every
state can be repaired within three steps. The repair trajectory must not be reported as having pro-
tected the original floor at every time. Additional state restrictions on the intermediate trajectory
require their own constrained reachability calculation.
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Figure 2: My exact buffer model: xi ∈ {0, 1, 2, 3}, floors b1 = b2 = 1, integer replenishment
u1 + u2 ≤ r, and losses w ∈ {(1, 0), (0, 1)} after the action. The plotted states already meet
both floors; their future protection is computed by (14). Both axes show arbitrary buffer units;
the vertical axis is person 2. Green circles are starting states from which an action policy keeps
both people at or above the floor for every allowed disturbance sequence. Orange crosses cannot be
protected indefinitely under that budget. With joint losses added, budget 1 loses all eight protected
states; the assumed disturbance set matters.

Expected surplus alone is insufficient. At a one-step floor (1, 1) with unit scales, a certain
outcome (1, 1) has η = 0. A lottery returning (3, 3) with probability 0.9 and (0, 0) with probability
0.1 has η = 1.7 and a 10% joint floor-failure probability. Without a risk restriction, my first-stage
objective selects the lottery. Under a zero-failure restriction, it selects the certain feasible outcome.
In the buffer model, independently assigning probability 1/2 to each single loss gives a maximum
achievable survival probability 2−K at (1, 1) when r = 1; exact closed-form checks cover all 432
budget, state and horizon combinations for K = 0, . . . , 8. A probability statement relies on this
stated loss law; the invariant-set result does not.

A stable state can still be undesirable: xn+1 = xn/2 converges to zero, below a positive floor.
Conversely, a restriction that removes useful actions can shrink the protected set. With fixed dynam-
ics, safety set and disturbances, enlarging A(x) cannot shrink V∞, while enlarging the disturbance
sets cannot enlarge it. I therefore distinguish a justified protective boundary from a restriction that
blocks a feasible improvement. Consent, participation and meaningful exit must also be specified.
A mathematical floor cannot substitute for them.

6.2 Discrete transfers and protected budgets

I can represent gifts restricted to multiples of a chosen amount as a constraint on actions. Let
N ≥ 1 recipients have known monetary shortfalls ri ≥ 0, all in the same currency unit. Assume
one immediate transfer, no transaction costs and no uncertainty in receipt. A transfer gi covers
shortfall i exactly when gi ≥ ri. Let B ≥ 0 be the available budget after protecting the provider’s
own required resources. For a denomination d > 0, require gi = dki with ki ∈ Z≥0 and

∑
i gi ≤ B.

Before imposing that budget limit, the minimum total transfer covering every shortfall is

Cd = d
N∑

i=1

⌈
ri

d

⌉
,

N∑
i=1

ri ≤ Cd <
N∑

i=1
ri + Nd. (15)

To verify this, each feasible integer ki must be at least dri/de. Choosing exactly those integers
attains the stated cost. The bounds follow by summing ri ≤ ddri/de < ri + d. Therefore every
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shortfall can be covered if and only if Cd ≤ B. This is an elementary integer-allocation result, not
a new welfare law.

For d = 18, three shortfalls (10, 10, 10) and budget 36, unrestricted transfers cover all three for
30, whereas the denomination rule requires 54. If the three shortfalls instead equal 18, the minimum
cost is 54 with or without that rule. Costs need not increase with every increase in denomination:
a shortfall of 19 costs 36 at d = 18 but 20 at d = 20. The result depends on the shortfalls, budget
and denomination together. Multiplying all monetary amounts by the same positive conversion
factor leaves feasibility unchanged.

In a common finite action model with unchanged dynamics, observations and uncertainty, re-
moving actions that violate a denomination rule cannot enlarge the protected set: every surviving
protected policy was already available. For nonempty finite policy classes, the best pair (η, J) can-
not improve in lexicographic order merely by restricting that class. I therefore place a denomination
in admissibility and keep the welfare objective unchanged. A monetary shortfall is not a calibrated
happiness deficit. Any effect of a giving convention on participation, trust or wellbeing requires
measured outcomes and a separately justified transition model; the arithmetic above supplies no
such effect.

6.3 Exact optimization of the protected objective

I now optimize Eqs. (4)–(6) themselves in a finite partially observed example. This calculation
is separate from the four-step controller below, which optimizes only a one-step surrogate. Let
X = {L, R, H, D} have outcomes

h(L) = (2, 1), h(R) = (1, 2), h(H) = (2, 2), h(D) = (0, 0), b = (1, 1), s = (1, 1).

The initial state is L or R. I retain both initial probabilities P (L) = 1/4 and P (L) = 3/4 as
model uncertainty. The sensor gives the same observation for L, R, but identifies H and D. The
horizon is two transitions. Utilities are ui(hi) = hi, person weights are (w1, w2) = (3, 1), and
both time weights are 1. Unequal weights are explicitly chosen to test the second-stage tie-break;
they are not estimated ethical constants. All four actions are admissible at every state before the
protection restriction is applied. The actions have these transition laws, written as distributions
over (L, R, H, D):

Action From L From R From H

a (1, 0, 0, 0) (0, 1/4, 3/4, 0) (0, 0, 1, 0)
b (1/4, 0, 3/4, 0) (0, 1, 0, 0) (0, 0, 1, 0)
c (1/4, 1/4, 1/2, 0) (1/4, 1/4, 1/2, 0) (0, 0, 1, 0)
d (0, 0, 9/10, 1/10) (0, 0, 9/10, 1/10) (0, 0, 9/10, 1/10)

State D is absorbing under every action. All dynamics are stipulated; the numbers are not measured
human responses.

A deterministic two-step observation policy specifies its first action and one later action for
each of the three possible observations, giving 44 = 256 descriptions. Exact enumeration finds
108 descriptions with zero floor-failure probability in both retained models. Twelve equivalent
descriptions maximize the protected objective:

(η, J) =
(3

4
,
233
16

)
= (0.75, 14.5625), P(any floor failure) = 0.

They first choose c, choose a on the merged L/R observation, and choose any of a, b, c at H; the
action assigned to the unreachable D observation is immaterial. This policy uses the observations
and has a safe continuation after the evaluated horizon.
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For comparison, optimizing the same expected-welfare criterion over all 256 descriptions admits
a risky first action d, giving

(η, J) =
(4

5
,
72
5

)
= (0.8, 14.4), P(any floor failure) = 1

10
.

The larger expected-surplus minimum makes it win the first stage despite its risk. This is why my
protection rule is part of admissibility, not an implication of the objective. The lexicographic rule
also is not a complete ranking of every person’s entire surplus trajectory: its first stage maximizes
the smallest expected surplus, and its declared second stage resolves the remaining ties.

6.4 A surrogate that fails individual protection

Two binary states indicate adequate (1) or inadequate (0) outcomes. They start independently
with probability 1/2 of adequacy. At each of four steps, each current state is observed correctly
with probability 4/5, independently conditional on state. One person can receive one resource unit.
Given the current state, next-step adequacy probabilities are

Current state Helped Unhelped

Inadequate 0.80 0.10
Adequate 0.95 0.85

These beneficial transition effects are assumptions of a synthetic system. Conditional transitions
are independent across people. The controller observes the current state noisily, updates its belief,
chooses an action, then evaluates the next state. The final next state is evaluated without an
additional controller observation.

The tested Bayesian controller maximizes the minimum next-step adequacy probability, then
their sum; exact ties alternate by step. It is a one-step surrogate, not the full-horizon robust
optimum in (6). A deliberately misspecified controller assumes observation accuracy 1/5 while the
true generator remains 4/5.

Exact rational enumeration covers all 44 = 256 terminal observation records per policy and
1,700 decision nodes across five policies. A separate backward evaluation reproduces every reported
outcome. Adequacy totals count the eight post-action person-steps; failure means any inadequate
post-action state, excluding the initial state. All active policies spend four units; the no-action
policy spends zero.

Table 1: Exact synthetic outcomes, rounded to six decimals. Lower risk is better.
Policy Total adequacy Person 0 failure Either-person failure

No action 3.610156 0.708291 0.914906
Blind alternating 6.342469 0.399422 0.781159
Correct Bayesian model 6.521994 0.421755 0.734955
Wrong observation model 5.666258 0.457918 0.827362
Correct, angular encoding 6.521994 0.421755 0.734955

The correct controller improves total adequacy and joint risk relative to alternating support, but
raises person 0’s failure probability by 0.022333, or about 2.23 percentage points. Constraint (7),
with blind alternation as π0, would reject it. The example establishes a specific failure of the
one-step surrogate; it does not prove that every solution of (6) has that failure.
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Encoding the four observations as (cos(πo/2), sin(πo/2)), o = 0, 1, 2, 3, and decoding before
likelihood evaluation gives exactly the same beliefs, actions and outcomes. This tests Proposition 2
directly. A reversible angle map adds no information. The error from the wrong likelihood shows
that correct normalization alone does not make beliefs accurate.
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Figure 3: I can improve the aggregate while worsening an individual’s risk in the exact four-step
example. Relative to alternating support, the correct one-step controller moves right and up: more
adequacy, but more risk for person 0. The angular encoding coincides exactly with the correct-
model point. The observation accuracy is 4/5, the initial adequacy probabilities are 1/2, and the
helped/unhelped transition probabilities are stated in Section 6.4. These are stipulated transition
dynamics, not patient outcomes.

6.5 Adversarial coverage

The current exact-arithmetic checks compare 648 finite safety games with independent policy-graph
enumeration, 1,024 model-error cases with full trajectory probabilities, and 60 fine/aggregate tra-
jectory comparisons. Every value for the 256-policy objective example also agrees with a separate
matrix calculation. Perturbation-tube tests include equality at the allowed radius, an excessive
disturbance and an insufficient baseline margin. These finite tests help detect implementation and
transcription errors; the propositions rely on their displayed proofs. Assumptions omitted in the
counterexamples are restored explicitly in the theorem statements.

7 Observed wellbeing and the baseline vector

7.1 What the aggregate observations contain

I use the World Happiness Report 2026 Figure 2.1 workbook to examine how an observed aggregate
measure can be expressed relative to a declared baseline. The workbook contains 2,116 rows, 168
country or territory labels and 14 year labels spanning 2011–2025; 2013 is absent. These are
published ranking windows, not an annual individual panel. The 2025 label denotes the 2023–2025
window. The earliest 2011 label corresponds to the first ranking’s 2005–2011 period and must not
be treated as another three-year window [19, 20].
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The latest window has 147 means and 147 reported marginal 95% intervals. Only 145 rows
have a complete six-factor decomposition and residual. Tajikistan lacks the freedom contribution
and residual; the State of Palestine lacks the healthy-life-expectancy contribution and residual. I
preserve these missing values. An older 2018 block duplicates rank 120 for Gambia and Sri Lanka
and omits rank 130. The original 2019 appendix gives Sri Lanka rank 130 [21]; I flag the workbook
inconsistency rather than silently repair it. The latest rank labels pass the same check.

For country c and stated window τ , I retain the observation tuple

zc,τ =
(
ĥc,τ , ℓc,τ , uc,τ , d1,c,τ , . . . , d6,c,τ , rc,τ , mc,τ , τ

)
. (16)

Here ĥ is the observed mean on the 0–10 Cantril Ladder, [ℓ, u] is its reported interval, dj are the
published explanatory contributions, r is “Dystopia + residual,” and m records missing entries.
I treat reported Ladder points as the declared numerical diagnostic; they do not establish an
invariant interpersonal utility scale [19]. The contributions are model-based decompositions, not
six separately measured individual needs or probabilities. This tuple specifies the measured input
to a prospective observation model. To use it in the finite construction of (2), I would also need
to declare a finite observation encoding and calibrate its likelihood. Neither that likelihood nor a
causal response to action is estimated here. The national margins below are descriptive diagnostics,
not fitted policy values.

7.2 Baseline sensitivity

For a declared national diagnostic floor bc and a positive scale sc in Ladder points, define

ĝc = ĥc − bc

sc
, [g−c , g+

c ] =
[

ℓc − bc

sc
,
uc − bc

sc

]
. (17)

This is the observable counterpart of a standardized surplus, not an estimate of every individual’s
surplus in (4). An interval whose lower limit meets a floor concerns the national mean under the
survey’s assumptions. It is neither simultaneous 95% protection across countries nor a guarantee
about the least-happy person. Dystopia is a regression reference; I do not adopt it as an ethical
minimum.

Table 2: Latest-window sensitivity to explicitly hypothetical floors, sc = 1 Ladder point. Intervals
are classified by ℓc ≥ bc (at/above), uc < bc (below), or ℓc < bc ≤ uc (unresolved). Floors 4, 5 and
6 are diagnostic choices, not validated policy thresholds.

Floor Mean at/above Interval at/above Below Unresolved

4 134 132 9 6
5 101 99 44 4
6 71 60 71 16

At floor 5, two of the 101 mean-based passes have intervals crossing the floor. Scaling both the
observations and the floor from 0–10 to 0–1 leaves these classifications unchanged when sc is scaled
consistently. Replacing sc with a sampling-uncertainty width changes the ordering and purpose of
the objective: measurement precision is not the same as need. In the latest ordered list, 143 of 146
adjacent pairs have overlapping marginal intervals. Overlap is a descriptive warning about reading
too much into neighboring ranks; it is not a formal equality test.
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Figure 4: Observed national life evaluation and a declared baseline. All 147 observations are
retained. The figure is a comparison of means and uncertainty, not a population distribution or a
causal response to intervention.

7.3 An accounting fit is not a forecast

The decomposition provides a direct test for outcome leakage. Summing the six contributions
and the residual reconstructs the 145 complete means with RMSE 0.000871 Ladder points and
maximum absolute difference 0.002. The residual already contains the unexplained part of the
target. This is an accounting identity up to published precision, so using it as a predictor would
leak the outcome. The resulting R2 = 0.999999416 is not forecasting evidence. I do not fit a new
forecast to the overlapping ranking windows.

8 From aggregate evidence to individual protection

8.1 A mean does not identify the person at risk

The preceding measurements cannot identify individual protection. A synthetic population in which
everyone scores 7 and one in which 30% score 0 and 70% score 10 both have mean 7. At floor 5,
their failure fractions are 0 and 0.3. Even exact knowledge of the mean would not distinguish them.
This shows why Proposition 5 requires individual outcomes and floor events to be retained by the
declared map. A national mean alone does not meet that requirement.

The counterexample connects the observed-data analysis to the policy tests. In Section 6.4,
improved total adequacy concealed an increase in one person’s risk. Here the same observed mean
conceals different individual failure fractions. In both cases, I must retain the individual outcome
and its declared floor rather than substitute an aggregate score. A national confidence interval
quantifies uncertainty about the mean; it does not supply the missing individual outcomes.

8.2 What an application must specify

Application of Eqs. (4)–(6) requires a defined population, individual outcomes and baselines, com-
parison scales and feasible actions. Protection defined relative to another policy additionally re-
quires a reference continuation from the same history. The observation model must state who is
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measured, who can be missed, and how observations relate to the latent state. Missing participants
cannot be protected merely by assigning a better score to those observed.

The transition model must then describe the consequences of actions under stated causal as-
sumptions [9]. Associations between national characteristics and life evaluation do not identify
those consequences. The World Happiness Report workbook supplies neither individual action his-
tories nor a calibrated response to this proposed policy. It therefore cannot determine the policy’s
individual failure probabilities or validate the uniform model-error bound in Proposition 6.

A prospective evaluation would have to specify the outcome, horizon, reference policy and
individual-risk endpoints before choosing a favorable result. It would also need to test observation
coverage, action feasibility and sensitivity to model misspecification. These are requirements for
evaluating the criterion in an application; no such intervention is evaluated here.

9 Scope of the guarantees and remaining limits
The mathematical guarantee is conditional on the declared model. For a finite support model
with known observation rules, the protection recursion returns exactly the information sets from
which one policy can preserve every floor against all permitted successor choices. Optimization
over its saved actions then retains that protection. If the current information set is excluded,
the algorithm reports infeasibility under those assumptions. Enlarging resources or changing the
permitted actions is a different decision problem, and repair may allow deficits before protection is
reached.

The finite information-set construction can require exponentially many sets in the number of
latent states. An omitted transition can invalidate exact support protection. The model-error
result instead requires its displayed uniform bound on joint transition and observation laws. The
aggregation result requires matched initial laws, compatible actions and retention of individual
outcomes. The perturbation result requires a verified contraction, bounded disturbances and a
sufficient outcome margin. None of those conditions follows from a successful numerical example
alone.

The observation analysis establishes descriptive national margins and exposes outcome leakage
and loss of individual information. It establishes no causal effect of the proposed criterion. Baselines,
scales, utilities and participation remain choices requiring justification with the affected people; the
mathematics does not select a universal interpersonal measure. My next task is to specify and
evaluate an individual observation-and-action model while retaining these limits explicitly.

10 Conclusion
I place individual protection before the ranking of feasible improvements. The criterion maximizes
the worst expected standardized surplus, then aggregate utility; a separate admissibility rule en-
forces the declared protection. The finite algorithm identifies when indefinite floor protection is
possible under its declared finite support model and incomplete observation. The proofs state which
changes of representation preserve it and how model error can weaken it.

The tests complete that argument: expected improvement can conceal risk, a useful aggregate
can lose an individual deficit, and an accounting fit can resemble prediction. The observed happiness
data make the measurement limit concrete. The result is a specified decision architecture with
conditional guarantees and explicit failure cases. Applying it to people requires the individual and
causal evidence identified above. My aim remains constructive improvement with the last person
in line included in the outcome being protected.
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Closing reflection
“rhymes,primes all are sublime, leading love of iconoclasm to the top of the dharmic
and karmic lines.”

—Arjun Nitin Barge
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